We introduce a high-order time-domain discontinuous spectral element method for the study of the optical coupling by evanescent whispering gallery modes between two microcylinders, the building blocks of coupled resonator optical waveguide devices. By using the discontinuous spectral element method with a Dubiner orthogonal polynomial basis on triangles and a Legendre nodal orthogonal basis on quadrilaterals, we conduct a systematic study of the optical coupling by whispering gallery modes between two microcylinders and demonstrate the successful coupling between the microcylinders and also the dependence of such a coupling on the separation and the size variation of the microcylinders.
INTRODUCTION
Recently, there has been much interest in photonic waveguides of coupled resonators, and devices such as the coupled resonator optical waveguide (CROW) have been proposed. 1 Such waveguides have applications in optical buffering and delay lines in controlling the speed of light propagation. In such waveguides, the optical energy transport is provided by the weak coupling of evanescent whispering gallery modes (WGMs) in the individual microresonators. It is well-known 2 that the group velocity of CROW devices can be several orders of magnitude smaller than that in bulk materials with the same refractive index, which results in many applications such as alloptical buffering, highly efficient second-order harmonic generation, and optical switches. Two waveguiding designs are used for CROW devices. 1 In one design of CROW devices of coupled resonators, coupling occurs between the evanescent WGMs, which are confined in the resonators by the internal total reflection 3 from the resonator surfaces. The other design involves defect cavities embedded in periodic photonic crystal structures and Bragg reflection. 4 In both cases, high-Q optical modes in the resonators or the defect cavities are used for the coupling and the transmission of electromagnetic waves. 5 To understand and design CROW devices for waveguiding applications, in this paper, we will study the optical coupling by WGMs between two microcylinders and investigate the efficiency of the optical energy transport and the sensitivity of such a transport to the separation and the size variation of the microcylinders.
The mechanism of the coupling between optical modes of individual resonators can be understood qualitatively by an analog of the tight binding method for the atomic systems of solids. 6 There the localized electronic wave functions of individual atoms are brought together to form the wave functions of the solids through the overlapping of the atomic wave functions. By treating the evanescent modes of each resonator as atomic wave functions, we can use the tight binding method to shed some light on the coupling and the transmission of electromagnetic waves. However, from a designer's point of view, more quantitative study of the transmission of waves is needed to address various issues such as the propagation speed of light (for delay line and optical buffering applications) and the sensitivity to the separation and the size variation during the manufacturing of those devices. For the application of optical buffering, the propagation speed, the arrival time, and the phase of signals are critical parameters. Thus a high-order and phase-preserving numerical technique is crucial for any numerical simulations. It has been well-known that spectral element methods, [7] [8] [9] [10] in which approximations are based on highorder orthogonal polynomials such as Legendre or Chebyshev polynomials, have the least numerical phase error among all numerical methods including Yee's scheme 11 and finite-volume methods. We will apply the timedomain discontinuous spectral element method (DSEM) for Maxwell's equations to simulate the light propagation in photonic waveguides of coupled microcylinders. In contrast to previous numerical studies with Yee's scheme 11 for related devices such as microring filters, the DSEM will provide high-order accuracy to gauge the influence of the separation and the size variation on the optical energy transport. To achieve such high-order accuracy, we will also use both curvilinear quadrilaterals and triangles to form a conforming mesh and use a Legendre nodal orthogonal basis on quadrilaterals and a Dubiner orthogonal polynomial basis on triangles.
WGMs are electromagnetic resonances traveling in dielectric media of circular symmetric structures such as circular rods, microdisks, and microspheres. In the case of a dielectric rod, the WGMs were first studied by Lord Rayleigh trying to understand the acoustic waves clinging to the dome of St. Paul's Cathedral, 12 and the waves were shown to be trapped between the cylindrical boundary and a caustic inside the rod. Now, WGMs have found a variety of applications in millimeter-wave bandstop filters, 13 microlasers, 14 optical waveguides, 1, 15 and microsensors. The remaining part of the paper is organized as follows. In Section 2, after a brief description of the cylindrical WGMs, we first formulate Maxwell's equations for coupled microcylinders by assuming plane-wave characteristics along the axial direction, and then we describe the DSEM for solving Maxwell's equations. In Section 3, after validating the exponential convergence of the spectral method, we carry out a detailed numerical study of the optical coupling of the WGMs for the coupled microcylinders. In Section 4, conclusions are given regarding the optical coupling of the WGMs between the coupled microcylinders, and a future research plan is outlined.
FORMULATION A. Cylinder Fields of Whispering Gallery Modes
We shall consider electromagnetic WGMs of a circular dielectric cylinder of radius a and infinite length with dielectric constant ⑀ 1 and magnetic permeability 1 , which is embedded in an infinite homogeneous medium of material parameters ⑀ 2 and 2 . With respect to a cylindrical coordinate system ͑r , , z͒, for a time factor exp͑−it͒, the components of the magnetic field H = ͑H r , H , H z ͒ and the electric field E = ͑E r , E , E z ͒ of the WGMs are given by the following equations 16 :
where F n = exp͑in + ihz − it͒, with h being the axial propagation constant. The function G n ϵ J n for r Ͻ a and H n ͑1͒ for r Ͼ a, where J n is the Bessel function of the first kind and H n ͑1͒ is the Hankel function of the first kind. The prime denotes differentiation with respect to the argument r. Also, for r Ͻ a, k = k 1 = ͱ ⑀ 1 1 and = 1 , where
, and for r Ͼ a, k = k 2 = ͱ ⑀ 2 2 and = 2 , where
The coefficients a n and b n are determined by the boundary condition that, at the cylindrical boundary r = a, the tangential components of the fields are continuous. For a nontrivial solution, the axial propagation constant h shall satisfy the following eigenvalue equation 17 :
where u = 1 a and v = 2 a. For a given mode number n, Eq. (3) does not have a unique solution, and the electromagnetic WGMs are represented by solutions of Eq. (3) when n is of the order of 1 a. Note that the mode number n is also the number of maxima in the field intensity in the azimuthal direction and is thus called the azimuthal number of the WGMs.
In this paper, we will confine ourselves to WGMs with an axial propagation constant h between k 1 and k 2 , i.e.,
In this case, 2 =−i͉ 2 ͉ and 1 = ͉ 1 ͉, which prevents any Ohmic losses, and the WGMs would be unattenuated along a perfectly straight cylinder.
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B. Maxwell's Equations for Coupled Microcylinders
To investigate the optical coupling by WGMs between microcylinders, we shall turn to Maxwell's equations. For a WGM with the axial propagation constant h, the magnetic field H = ͑H x , H y , H z ͒ and the electric field E = ͑E x , E y , E z ͒ in a rectangular coordinate system ͑x , y , z͒ may be expressed as H͑x,y,z,t͒ = H͑x,y,t͒exp͑ihz͒, E͑x,y,z,t͒ = E͑x,y,t͒exp͑ihz͒. ͑4͒
Substituting them into Maxwell's equations ‫ץ‬H
we obtain the following system of equations in matrix form:
where 
͑9͒
In this paper, we use the nondimensionalized form of Eq. (6), 18 and for the purpose of nondimensionalization, the reference length is chosen as the free-space wavelength of an electromagnetic field with frequency 100 THz, that is, 3 m. Therefore one unit of length corresponds to 3 m, and one unit of time corresponds to 10 fs in this paper.
C. Discontinuous Spectral Element Method
Because of its high-order accuracy and phase-preserving nature, the DSEM is employed for solving Maxwell's equations to analyze the optical coupling by WGMs between microcylinders. To approximate Maxwell's equations (6) in the time domain, we write them in a conservation form as
where the flux F = ͑AQ , BQ͒. To solve Eq. (10) in a two-dimensional geometry, we divide the physical domain under consideration into nonoverlapping quadrilateral and/or triangular elements. Each physical element is then mapped onto a reference element, either the standard reference square Q 0 = ͓−1,1͔ ϫ ͓−1,1͔ or the standard reference triangle T 0 = ͕͑x , y͉͒0 ഛ x , y ഛ 1,0ഛ x + y ഛ 1͖, by an isoparametric transformation x = ͑͒, where x = ͑x , y͒ and = ͑ , ͒ are the coordinates in the physical element and the reference element, respectively. In cases in which curvilinear elements are involved, the method of blending function 19 can be used to construct appropriate transformations.
Under the transformation, Eq. (10), applied on each element, becomes
The new variables in Eq. (11) are
where J is the Jacobian of the transformation J = ‫ץ͉‬ / ‫.͉ץ‬ In the DSEM, the solution Q is approximated by a linear combination of the basis functions of the approximation space on each reference element, and the approximation is not required to be continuous across the element boundary. Without losing any generality, we denote the basis functions by 1 ͑ , ͒ , 2 ͑ , ͒ , . . . , N ͑ , ͒ and then approximate the solution Q element by element in terms of the basis functions as
where Q j ͑t͒ are time-dependent coefficients. The residual of the approximation is required to be orthogonal to the approximation space locally within each element ⍀, yielding the following equations:
where ͑u , v͒ = ͐ ⍀ uvd represents the usual L 2 inner product, ‫ץ‬⍀ the element boundary, and n the outward unit normal to the element boundary.
The integrals in Eq. (14) are calculated numerically by quadratures, depending on the element type and the basis functions, and the discretization requires the evaluation of the fluxes along the element boundaries. However, the approximation is not continuous across the element boundaries. The difference is resolved by solving a local Riemann problem for the numerical normal flux. The Riemann problem for Maxwell's equations is discussed in detail in Ref. 20 . In the three-dimensional space, given two states Q − and Q + , the numerical normal flux for a dielectric interface or continuous medium can be written as
͑15͒
In Eq. (15), Z ± and Y ± are the local impedance and admittance, respectively, and are defined as Z ± =1/Y ± = ͱ ± / ⑀ ± . Equation (14) is a system of ordinary differential equations for the time-dependent coefficients Q j ͑t͒, j =1,2, . . . ,N, which can be solved by the leapfrog method, Runge-Kutta methods, etc.
In this paper, we use both quadrilateral and triangular elements. For quadrilateral elements, the approximation space on the standard reference square Q 0 is chosen as P M,M = P M ϫ P M , where P M represents the space of polynomials of degree M or less. An orthogonal basis for P M,M is the set of tensor products of Lagrange interpolating polynomials
where
with the nodal points i , i =0,1, . . . ,M, being the Gauss points in the interval ͓−1,1͔. For triangular elements, the approximation space on the standard reference triangle T 0 is chosen as 
where P n ␣,␤ ͑x͒ represents the nth-order Jacobian polynomials on ͓−1,1͔, which are orthogonal polynomials under the Jacobian weight w͑x͒ = ͑1−x͒ ␣ ͑1+x͒ ␤ , i.e.,
͑19͒
D. Boundary Conditions
Appropriate boundary conditions shall be posted at the artificial numerical boundaries of the computational domain to prevent outgoing waves from reflecting off the boundaries. Otherwise, the reflections may falsify the computational results and cause instabilities. In practical simulations, absorbing boundary conditions (ABCs) such as perfectly matched layer boundary conditions 22, 23 are widely used. Since most of the electromagnetic energy of a WGM is confined inside the cylinder and fields decay fast away from the cylindrical boundary, a simple matched layer (ML) technique introduced in Ref. 18 will be sufficient. The ML approach solves the following damped Maxwell's equations in the ML:
where x and y signify the lossy absorbing material parameters. Normally, outside a rectangular domain bounded by ͉x͉ = a and ͉y͉ = b, the absorption profiles can be taken as the polynomial form
where m Ͼ 2, and the constants C x Ͼ 0 and C y Ͼ 0 are tunable for optimal performance.
NUMERICAL RESULTS AND DISCUSSION
A. Exponential Convergence Analysis
In this example, we shall validate the exponential convergence of the DSEM, and we will also test the accuracy of the ML ABC. To this end, we consider a dielectric cylinder of infinite length with dielectric constant ⑀ 1 = 2.5281, magnetic permeability 1 = 1, and radius r 0 = 1.5. The unbounded external medium is assumed to be vacuum ͑⑀ 2 = 2 =1͒. In our tests, we set the angular frequency =2, so the propagation constants are k 1 = ͱ ⑀ 1 1 = 3.18 and k 2 = ͱ ⑀ 2 2 =2. We now simulate a WGM with the azimuthal number n = 8. In this case, the eigenvalue equation (3) has a solution h = 7.0852744, which satisfies k 1 Ͼ h Ͼ k 2 , and the corresponding WGM is denoted by WGM 8,1,0 . For the first simulation of WGM 8,1,0 , we use the boundary values obtained by the exact solutions and the ML ABC. The computational domain is set as ͓−3,3͔ ϫ ͓−3,3͔, but for the ML ABC it is surrounded by a ML of thickness d = r = 1.5. We should point out that although we do not have to use triangular elements for the simulations of WGMs in a single cylinder, we employ them so that we can develop more general codes for simulating coupled microcylinders.
Examining the field components after ten periods of time, we measure the normalized L ϱ error for three field components H x , H y , and E z ; the average normalized L ϱ errors are displayed in lin-log plots in Fig. 1 . The asymptotically straight lines for both cases demonstrate the exponential convergence of the DSEM with respect to expansion order. Also, it is clear that the ML ABC and the exact boundary condition have results of comparable accuracy.
B. Optical Coupling between Two Identical Cylinders in Contact
The model considered here is a system of two identical circular dielectric cylinders of infinite length in contact. The radii of the cylinders are r 1 = r 2 = 0.5775. For the rest of the numerical tests in this paper, we consider cylinders with material index n = 3.2, i.e., ⑀ 1 = 10.24 and 1 = 1, while the external medium is vacuum.
It can be shown that WGMs exist in such cylinders. In fact, by setting the angular frequency to =2 and the azimuthal number to n = 8, we find that the eigenvalue equation (3) has a solution h = 6.80842739 between k 1 = 6.4 and k 2 =2. The corresponding WGM is again denoted by WGM 8,1,0 .
We will investigate the optical energy transport by WGMs from one cylinder to the other. To this end, we assume that initially there exists a WGM in the left cylinder and that no fields exist inside the right cylinder. As initial conditions, the exact values of WGM 8,1,0 in the left cylinder are taken in the entire computational domain except for the inside of the right cylinder, where a zero field is initialized. To ensure that the initial field satisfies the interface condition on the surface of the right cylinder, in our numerical tests, we assume that there exist surface currents over the surface of the right cylinder, given by
where the constant ␣ Ͼ 0 is chosen so the surface currents become negligible after a short time, and J m 0 and J e 0 are calculated from the initial fields E͑x ,0͒ and H͑x ,0͒, i.e.,
For such boundary currents, the numerical normal flux will have to be modified on both sides of the surface. Given two states Q − and Q + , the numerical normal flux can be written as
for the Ϫ side and
for the ϩ side. In our simulations, the ML has a width d = r = 0.5775. The expansion order is M = 10, while the constant is ␣ = 10 in Eqs. (21) . To demonstrate the dynamics of the optical energy transport by WGMs from the left cylinder to the right cylinder, in Fig. 2 we show snapshots of the E z component at four different times. The initial state of the system is represented by a counterclockwise circulating wave, i.e., the fundamental mode WGM 8,1,0 in the left cylinder. The four sequential snapshots [ Figs. 2(a)-2(d) ] then illustrate the generation of a clockwise WGM in the right cylinder due to the optical coupling and thus confirm that the optical energy transport from the left cylinder to the right cylinder.
To monitor the resonant optical coupling, we consider the electromagnetic energy coupled into the right cylinder from the left cylinder. The electromagnetic energy stored in an electromagnetic field in a volume V is defined as Figure 3 is the time history of the normalized total energy in the left cylinder, the energy in the right cylinder, Fig. 1 . Exponential decay of the average normalized L ϱ error of H x , H y , and E z with increasing expansion order for the simulation of WGM 8,1,0 in a single dielectric cylinder. and the energy in the entire system. Two coupling phenomena are illustrated in this figure. First, the conservation of the total energy in the system is observed. Second, energy is built up into the right cylinder quickly before t = 11, and afterward, the buildup slows down. This is because of the fact that at approximately t = 11, the wave coupled into the right cylinder completes one round trip. Therefore, before t = 11, energy is coupled mostly into the right cylinder from the left cylinder. But after t = 11, part of the energy in the right cylinder is coupled back to the left cylinder.
Next, we shall perform frequency analysis to see whether the mode excited in the right cylinder retains the original time frequency. We choose an observation point from the inside of the right cylinder, record the time history of the normalized field component E z for that point, and then apply a discrete Fourier transform to calculate the corresponding time frequency. It is found that the WGM excited in the right cylinder does retain the original time frequency =2.
As another verification of optical coupling, we calculate the azimuthal wave number of the wave generated in the right cylinder based on the field component E z around the inside of the cylindrical boundary at t = 20. We find that a unique peak occurs at 8, which illustrates that the WGM excited in the right cylinder retains the same azimuthal wave number as that of the initial whispering gallery mode WGM 8,1,0 .
C. Effects of Separation and Size Variation on Optical Coupling
In making resonant waveguides in practice, we will have to consider many factors such as separation (intended or unintended in relation to the strength of optical coupling) and nonuniformity of the cylinder sizes. In this section, we will conduct numerical experiments to assess the effects of these two factors on optical coupling.
In the first set of tests, we investigate the optical coupling efficiency between two separated microcylinders by varying the gap size w. In these simulations, the radii and the material parameters of the two cylinders are the same as those in Subsection 3.B. Figures 4(a) and 4(b) show a successful optical coupling for a separation of 4% of cylinder radius and indicate the energy increasing in the right cylinder and decreasing in the left cylinder in time. Again, the total energy of the electromagnetic fields in the whole system is conserved, as indicated by the top line of Fig.  4(b) . Next, we increase the separation of the cylinders to 12% of cylinder radius; as shown in Figs. 4(c) and 4(d), the optical coupling is weakened considerably and only 30% of the energy of the WGM in the left cylinder is transported into the right cylinder after 20 rotations of the WGM in the left cylinder ͑t =20͒. Finally, we increase the separation of the two cylinders to 20% of cylinder radius, and as indicated in Figs. 4(e) and 4(f) , the optical energy transport is only up to 10%, which could be considered failure of energy transport given this threshold. Therefore we conclude that the separation of the cylinders affects strongly the optical coupling of the WGMs, as expected from the evanescent nature of those modes.
In the second set of tests, we will assess the effects of the size variation on the optical coupling; as in real devices, some degree of nonuniformity of the microcylinders is unavoidable. Numerical simulations will provide a critical guideline to the size variation tolerance in building resonant waveguides. In the simulations, the material parameters and the radius of the left cylinder remain fixed, but the radius of the right cylinder will vary. Figure  5 shows the computed coupling coefficient for gap size varying from 4 % r 1 to 24% r 1 and the size variation from r 2 / r 1 = 1.0 to r 2 / r 1 = 1.05, where the coupling coefficient is defined as the percentage of energy coupled into the right cylinder from the left cylinder after 20 rotations of the WGM in the left cylinder. From Fig. 5 , we are tempted to conclude that for a fixed gap size, the level of coupling decreases as the size variation r 2 / r 1 increases. A more careful study below, however, indicates otherwise.
To gain a clear picture of the dependence of the optical coupling on the size variation, we fix the separation of the cylinders at 5% of the radius of the left cylinder and gradually increase the size of the right cylinder. Figures  6(a) and 6(b) show a successful transport of the energy close to 40% from the left to the right cylinder when the size of the right cylinder is 2% larger than that of the left one. Then we increase the size variation of the right cylinder to 6%, and Fig. 6(c) indicates the failure of energy transport, which is also clearly shown in the time history of the energy transport in Fig. 6(d) . However, if we further increase the size of the right cylinder to 10% larger than that of the left cylinder, the energy transport actually improves dramatically to the case of identical cylinders. Such a nonmonotonic dependence of energy transport on the size variation of the right cylinder can be understood in terms of the ratio of the perimeter of the right cylinder to the azimuthal wavelength of the WGM in the left cylinder. Once the perimeter of the right cylinder can fit a whole number of azimuthal waves of the WGM, then the energy transport improves greatly, as shown in Fig. 7. 
CONCLUSIONS
In this paper, we have applied a high-order time-domain discontinuous spectral element method for the study of the optical coupling by WGMs between two microcylinders. We have demonstrated the successful coupling of the WGMs and the dependency of such coupling on the separation and the size variation of the microcylinders, thus providing the insight for building CROW devices with coupled microresonators or microcavities. Further work is under way to address the coupling of microcylinders of finite heights (microdisks) and microspheres.
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